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ANDRE´-QUILLEN HOMOLOGY AND COMPLETE
INTERSECTION FLAT DIMENSION
TIRDAD SHARIF
Abstract. We study the relation between the vanishing of Andre´-Quillen
homology and complete intersection flat dimension and we extend some of the
existing results in the literature.
1. Introduction
Convention. In this paper, rings are commutative, noetherian, and local with
identity. In the entire paper, (R,m, k), (S, n, ℓ), and (T, r, v) are local rings where
S and T are complete. When it is convenient, ϕ : R→ S and σ : S → T will denote
local ring homomorphisms.
Over forty years ago, Andre´ [1, 2] and Quillen [22, 23] introduced a homology
theory for commutative algebras that is known as Andre´-Quillen (or cotangent)
homology. The n-th Andre´-Quillen homology of the R-algebra S with coefficients
in an S-module N , denoted Dn(S | R,N), is the n-th homology module of Lϕ⊗SN ,
where Lϕ is the cotangent complex of ϕ, uniquely defined in the derived category of
the category of S-modules. The vanishing of Andre´-Quillen homology characterizes
important classes of rings and ring homomorphisms; see; [1, 3, 6, 9, 10, 12, 22, 23].
To study the relation between the vanishing of Andre´-Quillen homology and the
structure of a local ring homomorphism ϕ, Avramov and Iyengar [10] introduced
the notion of Andre´-Quillen dimension of the R-algebra S, denoted AQ-dimR S,
that is
AQ-dimR S := sup{n ∈ N | Dn(S | R,−) 6= 0};
in particular, AQ-dimR S = −∞ if and only if Dn(S | R,−) = 0 for all integers n.
In this paper, we investigate the relation between the vanishing of Andre´-Quillen
homology and complete intersection flat dimension. As the first application of this
study, we prove the following theorem which is one of our main results in this paper;
see 3.2 for the proof.
Theorem A. Assume that σ is surjective, σϕ is complete intersection at r, and
AQ-dimS T <∞. Then CI-dimS T <∞.
It is worth mentioning that the surjectivity condition in this theorem can be
removed if one can give an affirmative answer to a question posed by Foxby; see
Remark 3.6.
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The second main result of this paper is the following theorem, which extends
a result of Soto [27, Proposition 12] and of Avramov, Henriques, and S¸ega [9,
(2.5)(3)]; see 3.5 for the proof. Here, H1(K.(ϕ)), denotes the first Koszul homology
of ϕ; see Definition 2.8
Theorem B. Assume that ϕ is essentially of finite type and CI-fdR S <∞. Then
AQ-dimR S 6 2 if and only if H1(K.(ϕ)) is a free S-module.
2. Some Background Material
This section lists important foundational material for use in this paper. We use
the notations µR(M) and edim(R) for the minimal number of generators of a finitely
generated R-module M and the embedding dimension of the ring R, respectively.
The objects defined in the next definition are from the work of Avramov, Foxby,
and B. Herzog [7].
2.1. A regular factorization of ϕ is a diagram of local ring homomorphisms R
ϕ˙
−→
R′
ϕ′
−→ S such that ϕ = ϕ′ϕ˙, the map ϕ˙ is flat, the closed fibreR′/mR′ is regular, and
ϕ′ is surjective. A Cohen factorization of ϕ is a regular factorization R
ϕ˙
−→ R′
ϕ′
−→ S
of ϕ such that R′ is complete. Since we assumed that S is complete, existence of a
Cohen factorization of ϕ is guaranteed by [7, Theorem (1.1)].
2.2. The local ring homomorphism ϕ is called complete intersection at n if in a
given Cohen factorization R → R′
ϕ′
−→ S of ϕ the ideal Kerϕ′ is generated by an
R′-regular sequence. The complete intersection property for ϕ is independent of the
choice of Cohen factorization by [6, Remark (3.3)]. Also ϕ is called locally complete
intersection if for each q ∈ Spec(S), the local homomorphism ϕq : Rp → Sq, in
which p = q ∩R, is complete intersection at qSq.
We proceed with introducing the complete intersection flat dimension as defined
by Sather-Wagstaff [25].
2.3. Fix a an arbitrary R-module M . Define
CI-fdRM := inf
{
fdQ(R
′ ⊗R M)− pdQ(R
′)
∣∣∣∣ R→ R
′ ← Q is a
quasi-deformation
}
.
Recall that a diagram R → R′ ← Q of local ring homomorphisms is a quasi-
deformation of R if R→ R′ is flat and R′ ←− Q is surjective with kernel generated by
a Q-regular sequence. It is clear that if M is finitely generated then CI-dimRM =
CI-fdRM .
2.4. Here, we recall some notions from [10, 20].
Let ϕ : k → ℓ be the induced map between the residue fields. Then ϕ is called
almost small if the kernel of the homomorphism
Torϕ∗ (ϕ, ℓ) : Tor
R
∗ (k, ℓ)→ Tor
S
∗ (ℓ, ℓ)
of graded algebras is generated by elements of degree 1. Assuming k = ℓ, the
homomorphism ϕ is called large if Torϕ∗ (ϕ, k) is surjective.
The next definition originates with work of Gulliksen and Levin [15]; see [5, §6]
for details. It involves a different type of algebra extensions introduced by Tate [28];
see [5, 15] for details.
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2.5. Let A be a DG R-algebra, and assume that ϕ is surjective. Let A〈Y 〉 denote
a DG R-algebra obtained from A by adjunctions of sets of exterior variables of
positive odd degrees and of divided power variables of positive even degrees. Then
a factorization R −→ R〈Y 〉
≃
−→ S of ϕ is called an acyclic closure of ϕ if ∂(Y1)
minimally generates Kerϕ, and {cls(∂(y)) | y ∈ Yn+1} is a minimal generating set
of Hn(R〈Y6n〉)) for all n > 1.
Fact 2.6. If J = (x) = (y) is an ideal of R, such that x and y are two minimal
set of generators for J , then the Koszul complexes associated to (x) and (y) are
isomorphic, see [14], and hence homology isomorphism. Thus we define the Koszul
complex, K.R(J), to be the Koszul complex associated to an arbitrary minimal set
of generators for ideal J .
Fact 2.7. Let R
ϕ˙j
−→ Rj
ϕj
−→ S, with Jj = Kerϕj , for j = 1, 2, be two arbitrary
Cohen factorization of ϕ. From [7, (1.2)] it follows that they have a common
deformation R→ R′
ϕ′
−→ S, with J ′ = Kerϕ′ such that Rj = R
′/I ′j and Jj = J
′/I ′j ,
for j = 1, 2, where I ′j is an ideal generated by an R
′-regular sequence that extends
to a minimal set of generators for J ′. Let xj be a minimal set of generators for
I ′j , which can be extended to a minimal set of generators xj ,yj for J
′. Then the
residues y′
j
of y
j
in Rj form a minimal set of generators for Jj , by Nakayama’s
lemma. Now from the above fact we have
K.R
′
(J ′) ∼= K.R
′
(xj)⊗R′ K.
R′(y
j
) ≃ Rj ⊗R′ K.
R′(y
j
) ∼= K.Rj (y′
j
) ∼= K.Rj (Jj).
Thus K.R
′
(J ′) ≃ K.Rj (Jj), as R
′-complexes, for j = 1, 2. Since J ′ H(K.R
′
(J ′)) = 0,
we get H(K.R
′
(J ′)) ∼= H(K.Rj (Jj)), as S-modules, for j = 1, 2.
By the above fact, we can give the following definition.
Definition 2.8. Let R → R′
ϕ′
−→ S be a Cohen factorizations of ϕ, with J ′ =
Kerϕ′. We define the nth Koszul homology of ϕ, denoted by Hn(K.(ϕ)), to be
Hn(K.
R′(J ′)).
Indeed, we can consider H(K.(ϕ)), as an invariant of the local homomorphism ϕ.
Lemma 2.9. Let R→ R′
ϕ′
−→ S be a Cohen factorization of ϕ. If E is the Koszul
complex associated to an arbitrary set of generators v for J ′ := Kerϕ′. Then H1(E)
is a free S-module if and only if H1(K.(ϕ)) is a free S-module.
Proof. Let v = x1, ..., xp, xp+1, ..., xn, in which w = x1, ..., xp is a minimal set of
generators for J ′. Then from [14, (1.6.21)] and Fact 2.6, we get
H1(E) ∼= H1(K.
R′(w))⊕ S⊕(n−p) ∼= H1(K.
R′(J ′))⊕ S⊕(n−p).
Now from the above fact, assertion holds. 
2.10. Let M be a finitely generated R-module. The complexity of M over R,
denoted by cxRM , is the number
cxRM := inf{d ∈ N | there exists γ ∈ R such that β
R
n (M) 6 γn
d−1 for all n≫ 0}
where βRn (M) := rankk(Tor
R
n (M,k)) is the n-th Betti number of M .
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3. Main results
This section contains the proofs of Theorems A and B. We begin by a con-
struction used by Iyengar and Sather-Wagstaff [19], essentially given by Avramov,
Foxby, and B. Herzog [7]. We use this construction in the proof of Theorem A and
in Remark 3.6.
Construction 3.1. Let R
ϕ˙
−→ R′
ϕ′
−→ S and R′
ρ˙
−→ R′′
ρ′
−→ T be Cohen factorizations
of ϕ and σϕ′, respectively. Then ρ′ factors through the tensor product S′ = R′′⊗R′S
and gives the following commutative diagram of local ring homomorphisms
R′′
ϕ′′
  ❆
❆❆
❆❆
❆❆
❆❆
❆
ρ′=σ′ϕ′′

R′
ϕ′
!!❇
❇❇
❇❇
❇❇
❇❇
❇
ρ˙
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤⑤
S′
σ′
❅
❅❅
❅❅
❅❅
❅❅
R
ϕ //
ρ˙ϕ˙
00
ϕ˙
>>⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦
S
σ //
σ˙
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤⑤
T
in which σ˙ and ϕ′′ are the natural maps to the tensor product and the diagrams
S → S′ → T , R→ R′′ → T , and R′ → R′′ → S′ are Cohen factorizations.
Here is the proof of Theorem A.
3.2 (Proof of Theorem A). We use the notation from Construction 3.1. Since σ is
surjective, we get the following diagram
R′
ϕ′
−→ S
σ
−→ T (3.2.1)
of surjective local ring homomorphisms such that R
ϕ˙
−→ R′
σϕ′
−−→ T is a Cohen
factorization. Since σϕ is complete intersection at r, from [6, (1.7), (1.8)] we get
that σϕ′ is also complete intersection at r. Hence, by [10, Corollary (4.9)] we
conclude that ϕ′ is an almost small ring homomorphism. Since Dn(T | S, v) = 0
for all n≫ 0, from the Jacobi-Zariski exact sequence arising from diagram (3.2.1),
we find that Dn(S | R
′, v) = 0 for all n ≫ 0. Since ϕ′ is almost small, it follows
from [10, (6.4)] that ϕ′ is complete intersection at r. Thus, Kerϕ′ is generated by an
R′-regular sequence, and the diagram S
id
−→ S
ϕ′
←− R′ of local ring homomorphisms,
is a quasi-deformation. Hence, we conclude that pdR′(T ⊗S S) = pdR′ T < ∞.
Therefore, CI-dimS T <∞. 
The following lemma is an extension of [24, Lemma 1(2)]. This lemma is well-
known; see [4]. For convenience of the reader we give a proof based on the Cohen
factorization.
Lemma 3.3. If fdR S < ∞, then the homomorphism D2(S | R, ℓ)
θ
−→ D2(ℓ | R, ℓ)
is trivial.
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Proof. Let R
ϕ˙
−→ R′
ϕ′
−→ S be a Cohen factorization of ϕ, and consider the following
commutative diagram of local ring homomorphisms
R
ϕ˙ //
ϕ′

R′
ϕ′ //
ϕ˙

S
pi

S
id //
pi

S
pi //
pi

ℓ
ℓ
id // ℓ
where π is the natural surjection. This diagram induces a commutative diagram
D2(S | R, ℓ)
θ //

D2(ℓ | R, ℓ)
η

D2(S | R
′, ℓ)
α // D2(ℓ | R′, ℓ)
(3.3.1)
of ℓ-vector spaces.
Setting R′ := R′/mR′, from the Jacobi-Zariski exact sequence of k −→ R′ −→ ℓ we
get the following exact sequence:
Dn+1(ℓ | R′, ℓ) −→ Dn(R′ | k, ℓ) −→ Dn(ℓ | k, ℓ) (3.3.2)
From [6, (1.6)(2)-(3)] we get Dn(ℓ | k, ℓ) = 0 for all n > 2, and Dn+1(ℓ | R′, ℓ) = 0
for all n > 2. Hence, by (3.3.2) we conclude that Dn(R′ | k, ℓ) = 0 for all n > 2.
On the other hand, by flat base change we have Dn(R′ | k, ℓ) ∼= Dn(R
′ | R, ℓ) for
all integers n; see [2, 4.54]. Therefore, Dn(R
′ | R, ℓ) = 0 for all n > 2. Now,
the Jacobi-Zariski exact sequence arising from R −→ R′ −→ ℓ implies that η (from
diagram (3.3.1)) is injective.
From [7, (3.2) Lemma] and our assumption, we have pdR′ S <∞. Hence by [24,
Lemma 1(2)] we get that α (from diagram (3.3.1)) is trivial. Therefore, commuta-
tivity of diagram (3.3.1) and the fact that η is injective imply that θ is trivial. 
Lemma 3.4. If AQ-dimR S 6 2, then H1(K.(ϕ)) is a free S-module.
Proof. Let R
ϕ˙
−→ R′
ϕ′
−→ S be a Cohen factorization of ϕ, and let J ′ := Kerϕ′.
By assumption we get Dn(S | R, ℓ) = 0 for all n > 3. Hence, Dn(S | R
′, ℓ) = 0
for all n > 3 by [6, Lemma (1.7)]. This implies that Dn(S | R
′,−) = 0 for all
n > 3. Now [13, Corollary 3] implies that H1(E
′), in which E′ is the Koszul
complex associated to an arbitrary set of generators for J ′, is a free S-module. The
assertion now follows from Lemma 2.9. 
Here is the proof of Theorem B.
3.5 (Proof of Theorem B). Since ϕ is essentially of finite type, it admits a regular
factorization R→ R[X ]M → S, in which R[X ] := R[x1, x2, ..., xn], for some n > 1,
and M is a prime ideal of R[X ] lying over m. Since CI-fdR S <∞, there is a quasi-
deformation R → R′′
η
←− Q of R such that fdQ(S ⊗R R
′′) < ∞. Set R′ := R[X ]M,
P := R′ ⊗R R
′′, U := S ⊗R R
′′, and consider the diagram Q
α
−→ P
β
−→ U of natural
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ring homomorphisms, in which β is surjective. Let u ∈ Spec(U), and set p := β−1(u)
and q := α−1(p). Then we have the diagram
Qq
αq
−−→ Pp
βp
−→ Uu (3.5.1)
of local ring homomorphisms that gives us the commutative diagram
Qq
αq //
βpαq

Pp
βp //
βp

Uu

Uu
id //

Uu //

k(u)
k(u)
id // k(u)
of local ring homomorphisms. This diagram induces the following commutative
diagram of k(u)-vector spaces
D3(k(u) | Uu, k(u))
f // D2(Uu | Pp, k(u)) // D2(k(u) | Pp, k(u))
D3(k(u) | Uu, k(u))
g // D2(Uu | Qq, k(u))
θ //
h
OO
D2(k(u) | Qq, k(u))
D2(Pp | Qq, k(u))
λ
OO
(3.5.2)
Since fdQq Uu < ∞, it follows from Lemma 3.3 that θ is trivial and hence g is
surjective, and since H1(K.(ϕ)) is a free S-module, we can see that H1(E) is a free
Uu-module, where E is the Koszul complex associated to the set of generators for
the ideal Kerβp of Pp arising from a set of generators for Kerβ. Now from [14,
(1.6.21)] it follows that H1(K.
Pp(Ker(βp))) is a free Uu-module. Thus, from [?,
Theorem 1] we conclude that f is trivial. Since Dn(R[X ] | R,−) = 0 for all n > 1,
we get Dn(R
′ | R,−) = 0 for all n > 1. The faithful flatness of R′′ over R also
yields Dn(P | R
′′,−) = 0 for all n > 1. Hence, setting p′′ := p ∩ R′′, we get
Dn(Pp | R
′′
p′′ , k(p)) = 0 for all n > 1.
Consider the diagram Qq
ηq
−→ R′′p′′ −→ Pp of local ring homomorphisms. Since
Ker ηq is generated by a Qq-regular sequence, from the Jacobi-Zariski exact se-
quence we get Dn(Pp | Qq, k(p)) = 0 for all n > 2. Thus, h in diagram (3.5.2) is
injective. Commutativity of diagram (3.5.2) implies that D2(Uu | Qq, k(u)) = 0.
Hence, by [6, Proposition (1.8)] we get Dn(Uu | Qq, k(u)) = 0 for all n > 2.
Now, from the Jacobi-Zariski exact sequence of diagram (3.5.1) we conclude that
Dn(Uu | Pp, k(u)) = 0 for all n > 3. Since u was an arbitrary prime ideal of U ,
we conclude that Dn(U | P,−) = 0 for all n > 3; see [2]. Now, faithful flatness of
R′′ over R implies that Dn(S | R
′,−) = 0 for all n > 3. Thus, from [6, Lemma
(1.7)] we have Dn(S | R, ℓ) = 0 for all n > 3. Since ϕ is essentially of finite type,
from [18, Lemma 8.7] we conclude that AQ-dimR S 6 2.
The converse follows immediately from Lemma 3.4. 
Foxby asked the following question in his personal communications.
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Foxby’s Question. Let R
ϕ˙
−→ R′
ϕ′
−→ S be a Cohen factorization of ϕ, and let M
be a finitely generated S-module. Do the following inequalities hold?
CI-fdRM 6 CI-dimR′ M 6 CI-fdRN + edim(R
′/mR′)
In the next remark, we show that an affirmative answer to this question helps us
to generalize Theorem A. In fact, validity of the left inequality of Foxby’s Question
enables us to remove the hypothesis “σ is surjective” in Theorem A; see (3.6.1).
Also, we show that an affirmative answer to the right inequality in Foxby’s Question
provides a much shorter proof for Theorem B, without the assumption of finiteness
of ϕ; see (3.6.2).
Remark 3.6. (3.6.1) Using the notation from Construction 3.1, there exists a dia-
gramR′′
ϕ′′
−−→ S′
σ′
−→ T of surjective local ring homomorphisms. Since σϕ is complete
intersection at r, from [6, (1.7), (1.8)] we get that σ′ϕ′′ is also complete intersection
at r. Now a similar argument as in the proof of Theorem A, yields CI-dimS′ T <∞.
Then the left inequality of Foxby’s Question implies that CI-fdS T <∞, as desired.
(3.6.2) Let R
ϕ˙
−→ R′
ϕ′
−→ S be a Cohen factorization of ϕ. From the right
inequality in Foxby’s Question, we get CI-dimR′ S < ∞. Since H1(K.(ϕ)) is a
free S-module, from Lemma 2.9 and [27, Proposition 12] we conclude that Dn(S |
R′, ℓ) = 0 for all n > 3. Now, the assertion follows from [6, Lemma (1.7)] and [18,
Lemma 8.7].
The next corollary of Soto [27, Proposition 12] and of Avramov, Henriques, and
S¸ega [9, (2.5)(3)] follows from Theorem B and Lemma 2.9.
Corollary 3.7. Assume that ϕ is surjective, and let H1(E) be the first homology
of the Koszul complex E associated to an arbitrary set of generators for J := Kerϕ.
If CI-dimR S <∞ and H1(E) is a free S-module, then AQ-dimR S 6 2.
Using Theorem A, Lemma 3.4 and Corollary 3.7 we have the next result due to
Soto [27, Proposition 23 (i)⇐⇒(ii)]. Recall that S is called an algebra retract of R
if there exists a local ring homomorphism ψ : S → R such that ϕψ = idS .
Corollary 3.8. Let S be an algebra retract of R and let H1(E) be the first homology
of the Koszul complex E associated to an arbitrary set of generators for J := Kerϕ.
Then AQ-dimR S 6 2 if and only if CI-dimR S <∞ and H1(E) is a free S-module.
Fact 3.9. Let S be an algebra retract of R and cxR S < ∞. If char(k) = 0
then S contains the rational numbers. On the other hand ϕ : R → S is a large
homomorphism. Let R〈U〉 be the acyclic closure of ϕ, which is a minimal free
resolution for S as an R-module by [11, Corollary (2.7)]. Since cxR S <∞, it follows
from [27, Lemma 16] that D2n(S | R,−) = 0 for all n≫ 0. Now from [10, Theorem
(7.5)(iv)=⇒(ii)] we have AQ-dimR S 6 2. Thus by Corollary 3.8, CI-dimR S <∞.
The above fact answers Soto’s Problem 24 in [27] when char(k) = 0. As an
application of this fact we also have the following result.
Corollary 3.10. Let A := S⊗RS, and assume that ϕ is a local flat homomorphism
essentially of finite type. Let ω : A→ S be the natural surjection and q = ω−1(n).
If char(ℓ) = 0 and cxAq S <∞, then ϕ is locally complete intersection.
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Proof. Consider the algebra retract S → Aq → S. Fact 3.9 implies that AQ-dimAq S
6 2. Using Jacobi-Zariski exact sequence arising from A → Aq → S and the lo-
calization property, we have AQ-dimA S 6 2. Now Jacobi-Zariski exact sequence
arising from the natural diagram S → A→ S, and the flat base change imply that
Dn(S | R,−) = 0, for n > 2. Thus ϕ is locally complete intersection by [6, Theorem
(1.2)]. 
Remark 3.11. At this time, we do not know if the assumption char(k) = 0 is nec-
essary in Fact 3.9. However, as we will see in Proposition 3.13, when we work with R
as an algebra retract of its trivial extension by an R-moduleM with AnnR(M) = 0,
we are able to remove this assumption. This can be done using a result of Herzog.
Recall that the trivial extension of R by an R-module M , denoted R ⋉M , is
the underlying R-module R⊕M equipped with a ring structure given by the mul-
tiplication rule (r,m) · (r′,m′) = (rr′, rm′ + r′m). There are ring homomorphisms
ρ : R→ R⋉M with ρ(r) = (r, 0) and π : R⋉M → R with π(r,m) = r. Note that
the composition πρ is the identity on R, that is, R is an algebra retract of R⋉M .
Lemma 3.12. Let M be a finitely generated R-module. Then for each non-negative
integer i we have (µR(M))
i 6 βR⋉Mi (R).
Proof. By [17, Corollary 1] we have PR⋉MR (t) = 1 + tP
R⋉M
R (t)P
R
M (t). Hence,
by induction on i, there exists a sequence {γi} of natural numbers such that
βR⋉Mi (R) = γi + (µR(M))
i. Therefore, (µR(M))
i 6 βR⋉Mi (R). 
The following result gives a characterization of local rings admitting non-trivial
semidualizing modules. Recall that a finitely generated R-module C is called semid-
ualizing if R ∼= HomR(C,C) and Ext
i
R(C,C) = 0 for all i > 0. For instance, every
finitely generated projective R-module of rank 1 is semidualizing. Also, every du-
alizing module is semidualizing with finite injective dimension.
Proposition 3.13. Let M be a finitely generated R-module with AnnR(M) = 0.
Then the following conditions are equivalent:
(i) M ∼= R.
(ii) AQ-dimR⋉M R = 2.
(iii) CI-dimR⋉M R <∞.
(iv) cxR⋉M R <∞.
If one of the above conditions holds, then CI-dimR⋉M R = 0 and cxR⋉M R = 1.
Proof. (i) =⇒ (ii) Assume that M ∼= R. It is straightforward to see that Kerπ =
(x), where x is an exact zero divisor in the sense of [16], that is, AnnR⋉M (x) ∼=
(R⋉M)/x(R⋉M). Hence, AQ-dimR⋉M R = 2 by [9, 1.7, 3.1].
(ii) =⇒ (iii) follows from Theorem A.
(iii) =⇒ (iv) follows from [8, Theorem (5.3)].
(iv) =⇒ (i) Assume that cxR⋉M R < ∞. Hence, the sequence of the Betti
numbers of R over R⋉M has polynomial growth. Since, by Lemma 3.12, for each
non-negative integer i we have (µR(M))
i 6 βR⋉Mi (R), we conclude that µR(M) =
1, which implies that M ∼= R.
Note that when CI-dimR⋉M R < ∞, then CI-dimR⋉M R = 0 by [26, Lemma
3.14]. Note also that when M ∼= R, Kerπ is generated by an exact zero divisor x.
Therefore,
· · ·
x
−→ R ⋉R
x
−→ R⋉R
pi
−→ R→ 0
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is a free resolution of R over R⋉R, that is, cxR⋉RR = 1. 
The following is an application of Proposition 3.13 in a concrete case.
Example 3.14. Let S = R[x]/J , where x = x1, · · · , xn for some integer n > 1,
and J = 〈xnii x
nj
j | ni + nj = 2, and 1 6 i 6 j 6 n〉. Then one of the integers
cxS R, CI-dimS R, or AQ-dimS R is finite if and only if n = 1. In this case we have
cxS R = 1, CI-dimS R = 0, and AQ-dimS R = 2.
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